ABSTRACT. This study presents the Verhulst's model for the analysis of population growth with the rate of reproductivity depending on the fertility rate and the country economic development. These linguistic variables are defined through Fuzzy Rule-Based Systems (FRBS). The analysis is made for FRBS types 1 and 2 where in the first case, the inference method used is Mamdani's and the defuzzification is the center of gravity. For type-2 FRBS is used as input variables interval type-2 fuzzy sets, and as output intervals. The output is defuzzificated by the Type Reducer method that use the algorithm of Karnik-Mendel (KM). The aim of this study is to compare the solutions of the Verhulst's model where the parameter, rate of reproductivity, is determined through the type-1 and type-2 FRBS. The comparison is made computing the region built from the solutions corresponding to the minimum and maximum rate. It has been noticed that the region corresponding to type-2 FRBS is contained in the region built similarly from type-1 FRBS, showing a higher accuracy in the response [1], [2] and [4].
INTRODUCTION
In his pioneering work [8] Zadeh proposed an extension of classical fuzzy sets for the concept of type-2 fuzzy sets, which would be especially useful in those situations where exact membership function for a fuzzy set is difficult to determine. This theory allows the modeling of the linguistic type, such as FRBS, minimizing the effects of uncertainties [4] . The classic fuzzy sets started to be known as type-1. Since the assignment of a precise number for the expert opinion is too restrictive for the analysis of real models, the type-2 fuzzy sets appear as better tools to cope with uncertainty or gradual data. The main difference between both types is due to the fact that the membership functions or type-2 fuzzy sets are themselves fuzzy sets. On the other hand, these sets are currently the most widely used due to their reduced computational cost. Let X be an universe. By definition, a type-1 fuzzy subset A ⊂ X is given by µ A : X → [0, 1]; µ A is called the membership function. The value µ A (x) represents the degree of membership of 52 SUBJECTIVITIES OF TYPE 1 AND 2 x ∈ A. A type-2 fuzzy set, A in X , is characterized by its membership function, µ A : X × J x → [0, 1], where J x ⊂ [0, 1] is an interval for each x ∈ X . In particular, when µ A (x, u) = 1 for all u ∈ J x and x ∈ X , the fuzzy set is called interval type-2 fuzzy set. Figures 1 and 2 show the two types of fuzzy sets. 
(1.1)
Back to the Figure 2 , the Footprint of Uncertainty (FOU) is a region of the plane enclosed by the lower and upper membership functions. More precisely, we have
where represents the union of sets in the classic sense.
In this work, the interval type-2 fuzzy set are use with the aim of comparison with type-1 fuzzy sets. As a model we use the population growth of a community, using as a technique the FRBS of both types.
VERHULST'S MODEL WITH FUZZY PARAMETERS OF TYPE 1 AND 2
The classic model of Verhulst or logistic model is given by the equations:
where P(t ) represents a population of individuals at the time t , r is the reproduction rate of that particular population (r > 0) and P ∞ is the capacity of support of the population.
The analytic solution of (2.1) is giving by:
In this study we consider the reproductive rate r as being a value that depends on the fertility and economic development rates of the country.
These rates are the input variables of the FBRS in both cases. The output variable is the reproductive rate of the group studied.
To build the membership functions of the fertility and economic development rates, we gathered in a single FRBS the information from various data research institutes. As these institutes use different methodologies, the gradual information is compacted in a type-2 fuzzy sets. This way it brings together these gradualness, with values between the upper and lower membership functions, obtaining the FOU which includes all the information received.
We introduce two types of FBRS:
1. FBRS of type-1 where the input and output linguistic variables are type-1 fuzzy sets. The inference method use is the Mamdani's method [3] , and the defuzzification method is the gravity center.
2. FBRS of type-2 where the input linguistic variables are interval type-2 fuzzy sets. The output variable is an interval. This system includes five components: fuzzifier, inference, rule base, type reducer, and defuzzifier. Figure 3 shows the structure of a type-2 FBRS. In next subsection we are going to describe with more details the type-2 FBRS when the output is an interval.
The Type-2 FBRS with Interval Output
The content of this subsection can be checked with detail in [7] . One of the concepts used in this subsection from the fuzzy sets theory is the t −norm operator. 
2. Compute the initial interval of the n th rule, F n (x ) = [ f n , f n ], as follows: where the sequences, y n and y n , have been sorted in ascending order.
In this work the points y l and y r are computed using the Karnik-Mendel (KM) and a code provides by Dongrui Wu [7] .
RESULTS
To obtain the solutions of the Verhuslt's model, we use the linguistics terms for the fertility and economic development rates of the country are, in both cases, low, medium, and high. In the case of type-1 FBRS it was used the same linguistic terms for the reproductive rate.
After some comparisons between the membership functions of type-1 and type-2 we concluded that, when all the lower membership functions are null in at least one of the input variables, then the defuzzified output surface is constant, returning a unique value for the reproductive rate, in our simulation, r = 0.5. In the case that none of the input variable has this feature, the region of the range of the solutions does not present large variation between the maximal and minimal reproductive rates.
The input membership functions variables in both methods of the FBRS are shown in Figure 4 . Figure 5 shows the case that one of the input variables has all lower membership functions null.
The membership functions of the type-1 output variable are shown in Figure 6 .
Observing the points of the universe where the membership degrees of the output variable of the FBRS of type-1 are non negative, it has been built the intervals of output variable for the FBRS of type-2, which are exactly the correspondents to those supports. Therefore, the nine fuzzy rules are shown in the Tables 1 and 2 , where x 1 represents the variable "rate of fertility" and x 2 the variable "rate of (economic) development of the country".
In the following, we show the numerical simulations to compare the FBRS of both types obtaining the defuzzified surfaces and we plot the range of the maximal and minimal solutions correspondents to each method.
It has been confirmed the expectation that the region determined by the solutions correspondent to the minimal and maximal rate generated by the simulations of the type-1 FBRS "overlay" the correspondent region generated by the type-2 FBRS, confirming results on the literature [1] , [2] , [4] and [7] , thus moving the better efficiency of the type-2 FBRS in acquirement information. As an analytic solution of (2.1) giving by (2.2) is an increasing function with respect to r for all t , all the solutions determined by the values obtained by r are in between of the solutions P M (t ) and P m (t ), determined by the maximal M and minimal m, respectively. Therefore, all the solutions are contained in a region bounded by P m (t ) and P M (t ), as shown in Figure 9 . In the case of the type-2 FBRS and using membership functions as the correspondents to Figure 5 , the region reduces to a curve since the extremes P M (t ) and P m (t ) are equals for all t . This case is shown in Figure 10 . 
CONCLUSIONS
Recently the type-2 FBRS using the type reducer method has been shown a better approximation capacity than the correspondent to type-1 through numerical experiments as confirmed by Wu and Nie [7] . Inspired by those affirmations, it was developed a comparative study of the type-1 and type-2 fuzzy rule-based system applied to the Verhulst model, where the reproductive rate Figure 10: The case of Figure 5 has as correspondent regions the light gray color generated by the type-1 FBRS method and the unique solution in dark gray, the one generated by the type-2 FBRS method.
is considerate as a type-1 fuzzy number of and interval type-2. As in type-2 sets the FOU is characterized, we can incorporate the variability of the expert's knowledge into a unique FRBS in the population study. As a conclusion of the comparison of both methods, it has been observed that the output of the type-2 FBRS is more precise in the sense that the region of variation of the solutions of Verhulst's model is included in the region of the solutions generated by the type-1 fuzzy system, which shows a better precision in the response. We have observed an extreme case of a unique value for the reproductive rate in the case that the membership function of the one of the input variables are null.
We believe that the present study will bring important information concerning the reason of the statement done in respect to the efficiency of type-2 fuzzy set to Verhuslt's model. Furthermore, we have the intention of continue to explores in another models of differential equations, ordinary or partial type, using the type-2 fuzzy sets. We are looking forward to obtain better results in the sense of precision that those obtained with the type-1 fuzzy set. 
